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DECAY RATES FOR CUSP FUNCTIONS
TRISTRAM DE PIRO
Abstract. We make some observations on the decay rates of the
Fourier coefficients of cusp functions.
Definition 0.1. We let H(0, 1) denote the restrictions of holomorphic
functions on the open disc D(0, 1 + ǫ), for some ǫ > 0, and C∞(S1),
the set of smooth, complex-valued functions on the unit circle S1. For
f ∈ H(0; 1), with power series expansion f(z) =
∑
n∈Z≥0
anz
n, we let
f(n) = an, for n ∈ Z≥0, and f1 = f |∂D(0;1). For g ∈ C
∞(S1), and
n ∈ Z, we let;
gˆ(n) = 1
2pi
∫ 2pi
0
g(θ)e−inθdθ
denote the n’th Fourier coefficient.
Lemma 0.2. With notation as in 0.1, if f ∈ H(0, 1), and n ∈ Z≥0,
we have f(n) = fˆ1(n).
Proof. By the definition of residues for holomorphic function, Cauchy’s
residue theorem, see [2], and Fourier series, see [3], we have, for n ∈
Z≥0, that;
f(n) = 1
2pii
∫
∂D(0,1)
f(z)
zn+1
dz
= 1
2pii
∫ 2pi
0
f(eiθ)
ei(n+1)θ
ieiθdθ
= 1
2pi
∫ 2pi
0
f(eiθ)
einθ
dθ = fˆ1(n)

Remarks 0.3. By rescaling, we obtain a similar result for 0 < δ < 1
and f ∈ H(0, 1− δ), f1−δ ∈ C
∞(S1), where f1−δ(z) = f((1− δ)z), for
|z| = 1. Namely;
f(n) = 1
(1−δ)n
fˆ1−δ(n).
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Definition 0.4. We let H+ = {z ∈ C : Im(z) > 0} denote the upper
half plane and H(H+) denote the set of holomorphic functions on H+.
We let Cusp(H+) ⊂ H(H+) denote holomorphic functions on H+, sat-
isfying the additional symmetry condition;
(i). g(z + 1) = g(z), for z ∈ C.
and the cusp condition;
(ii). limIm(z)→∞g(z) = 0 (we assume the limit is uniform in Re(z))
Remarks 0.5. Observe that cusp forms , see [1], are special examples
of cusp functions. The map Φ = exp(2πiz) : H+ → D(0, 1) is holo-
morphic, and, taking a principal branch of the logarithm Γ = log(z)
2pii
:
(D(0, 1) \ [0, 1))→ (H+∩U), where U = {z ∈ H+ : 0 < z < 1}, we ob-
tain a holomorphic function Γ∗(g) on (D(0, 1) \ [0, 1)). The condition
(i) ensures that Γ∗(g) extends uniquely to a holomorphic function f0
on the annulus D(0, 1) \ {0}, such that Φ∗(f0) = g. Using a Laurent’s
Theorem and the condition (ii), f0 extends uniquely to a holomorphic
function f on D(0, 1) with f(0) = 0. Taking the power series expan-
sion f(z) =
∑
n∈Z≥0
anz
n on D(0, 1), we obtain a convergent expansion
g(z) =
∑
n∈Z≥0
anexp(2πinz) on H+. Similarly to before, for n ∈ Z≥0,
we let g(n) = an.
Lemma 0.6. If g ∈ Cusp(H+), then, for any m ∈ Z>0, there exist
constants Cm ∈ R≥0 and Dm ∈ Z>0, such that;
|g(n)| ≤ Cmn
−m, for all n ≥ Dm
Proof. Let f denote the holomorphic function on D(0, 1), obtained in
Remark 0.5. For any 0 < δ < 1, we have that f ∈ H(0, 1− δ). By Re-
marks 0.3, we have that f(n) = 1
(1−δ)n
fˆ1−δ(n), (∗). As f1−δ ∈ C
∞(S1),
by a simple extension of Corollary 2.4 in [3], we have that, for any
m ∈ Z>0, there exist constants Cm ∈ R≥0 and Bm ∈ Z>0, such that;
|fˆ1−δ(n)| ≤ Amn
−m, for all n ≥ Bm
Then, by (∗) and Remarks 0.5, we have;
|g(n)| = |f(n)| = 1
(1−δ)n
|fˆ1−δ(n)| ≤ Cmn
−m, for all n ≥ Bm
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where Cm = Amn
−m.

Remarks 0.7. This result seems to improve significantly on the result
of the Ramunajan-Petersson conjecture, that, for cusp forms of weight
k ≥ 2, |g(n)| = O(n
k−1
2
+γ), γ > 0, n ∈ Z≥0. The result also easily gen-
eralises to holomorphic functions on H+, satisfying just the symmetry
condition (i), in Definition 0.4, for n ∈ Z, with |n| ≥ Bm.
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